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The methodological  aspect of diffusion approximation is analyzed. 
The effect of the function characterizing the radiation of the medium,  
of the boundary conditions, of the optical depths, and of the thicknesses 
on approach to the plane layer on the coefficient of diffusion is inves- 
tigated. Recommendations are given with respect to the application of 
the diffusion approximation. 

The ana logy  be tween  photon p r o p a g a t i o n  and the d i f -  
fus ion  of m o l e c u l e s  in an a d m i x t u r e  in a g a s  was a p -  
p a r e n t l y  f i r s t  v a l i d a t e d  in [1,2] fo r  r e e m i s s i o n  and in 
[3] fo r  s c a t t e r i n g .  The  ana logy  was then  ex tended  to 
neu t ron  f lows [4 -7 ] .  The  d i f fus ion  a p p r o x i m a t i o n  is  
t r e a t e d  in [8] as  a consequence  of the p h e n o m e n o l o g -  
i ca l  d i f f e r e n t i a l  equa t ion  of the t r a n s f e r  of r a d i a n t  
e n e r g y ;  in [9] i t  i s  t r e a t e d  as  a consequence  of the  
" f o r w a r d - b a c k w a r d "  a p p r o x i m a t i o n  fo r  a v e r a g e  co -  
s i n e s  equal  to 1/(3)1/2; in [6, 7 ,10 ,  11] it  is  t r e a t e d  as  
the f i r s t  t e r m  of the  e x p a n s i o n  in the me thod  of s p h e r -  
i ca l  h a r m o n i e s ;  in [12] i t  deve lops  that  the d i f fus ion  
a p p r o x i m a t i o n  r e s u l t s  f r o m  c o n s i d e r a t i o n  only of the 
f i r s t  d e r i v a t i v e  in the  expans ion  in T a y l o r  s e r i e s  of 
the sought  funct ion in the i n t e g r a l  equat ion;  it  is  p r e -  
s en t ed  in [13] in the a s y m p t o t i c  f o r m  of the i n t eg ra l  
equat ion of t r a n s f e r  fo r  po in t s  d i s t an t  f r o m  the bound-  
a r i e s .  Here  the  d i f fus ion  a p p r o x i m a t i o n  wil l  be t r e a t e d  
as  an independen t  p h e n o m e n o l o g i c a l  equat ion of t r a n s -  
f e r ,  in which the d e n s i t y  of the r a d i a n t  e n e r g y  is  taken  
as  the po ten t i a l  of the  t r a n s f e r  f i e ld .  In add i t ion  to 
s i m p l i c i t y ,  t h i s  r e s u l t s  in f r e e d o m  in e x p r e s s i n g  the 
d i f fus ion  coe f f i c i en t  

C 
q = - -  gradU. (1) 

mk 

F r o m  the m e c h a n i s m  of d i f fus ion  in an inf in i te  m e d i u m  
for  div q = 0 we have m = 3. The n u m b e r  m m a y  v a r y  
s i gn i f i c an t l y  at  the  b o u n d a r i e s  a t  d i s t a n c e s  < 2 - 3  m e a n  
f r e e  pa ths .  In the e a s e  of the " f o r w a r d - b a c k w a r d "  a p -  
p r o x i m a t i o n  with the a v e r a g e  cos ine  0.5, m = 4 [14, 15]. 
In [16,17],  e t c . ,  m = 3 is  r e c o m m e n d e d  fo r  the  c o r e  
of the flow and m = 4 is  r e c o m m e n d e d  fo r  the po in ts  
c l o s e  to the b o u n d a r i e s .  However ,  the value  of m f r e -  
quently exceeds  the  l i m i t s  of th is  i n t e r v a l .  A s i g n i f i -  
cant  r e f i n e m e n t  of the ca l cu l a t i ons  r e s u l t s  f r o m  
v a r i a t i o n  of the b o u n d a r y  cond i t ions .  It is  r e c o m -  
m e n d e d  in [6, 18, 19] tha t  a f a c t o r  d e t e r m i n e d  by the 
so lu t ion  of a s i m p l e  p r o b l e m  be a d d e d  to the  magni tude  
of the r a d i a n t - e n e r g y  dens i t y  at  the boundary ;  i t  is  
d e m o n s t r a t e d  that  th is  m a y  r e s u l t  in e x c e l l e n t  a g r e e -  
m e n t  with exac t  so lu t i ons .  The m o s t  exac t  bounda ry  
condi t ions  a r e  d e t e r m i n e d  i t e r a t i v e l y  [20, 21]. How- 
e v e r ,  in add i t ion  to the s u b s t a n t i a l  i n c r e a s e  in c o m -  
p l ex i ty ,  we note tha t  th is  r e f i n e m e n t  a f fec t s  the  hea t  
f low e x c l u s i v e l y .  The  ef fec t  for  the  t e m p e r a t u r e  f i e ld  

is  i n s ign i f i can t .  The 3% a c c u r a c y  for  the t e m p e r a t u r e  
f i e ld  in [20] is  a p p a r e n t l y  a c c i d e n t a l ,  s ince  the T 4 
f i e ld  is  l i n e a r  with the s a m e  a c c u r a c y .  In [22] {unlike 
the  ana logous  p r o b l e m  in [23]) the exac t  bounda ry  con-  
d i t ions  a r e  u sed  b e c a u s e  of s y m m e t r y ,  but the  e r r o r  
in the d e t e r m i n a t i o n  of the t e m p e r a t u r e s  was g r e a t .  
The  m o s t  exac t  bounda ry  condi t ions  a r e  ev iden t ly  not 
su f f i c i en t  to of f se t  the fac t  of the  v a r i a t i o n  in the n u m -  
b e r  m with the coo rd ina t e  [22]. A p h y s i c a l  foundat ion 
is p r o v i d e d  in [24] for  the t h e o r e m  on the change in 
the  n u m b e r  m with the  c oo rd ina t e  and the funct ion 
m(T, T 0) is  s tud ied  fo r  two of the s i m p l e s t  p r o b l e m s .  
The b a s i s  fo r  the c r i t i c i s m s  of the d i f fus ion a p p r o x i -  
m a t i o n  in [22, 25 ,26 ,  e tc .  ] should  be sought  not  only in 
the bounda ry  cond i t ions ,  but  a l so  in the changes  in the  
n u m b e r  m.  

L imi t ing  o u r s e l v e s  to o n e - d i m e n s i o n a l  p r o b l e m s ,  
on the b a s i s  of the exac t  d i f f e r e n t i a l  equat ion [27-29] 

C 
q div P (2) 

k 

we obta in  

C 
q = - -  - -  grad Pn. (3) 

k 

Thus in ac tua l  fac t  the t r a n s f e r  po ten t i a l  is  a c o m p o -  
nent  of the r a d i a n t - p r e s s u r e  t e n s o r  

P l l - -  1 ~ /cos~0dco. (4) 
r 2 

4~ 

Unlike the e x a c t  equat ion (3), Eq.  (1) exhib i t s  an a d -  
van tage  in the  d i r e c t  r e l a t i o n s h i p  be tween  the t r a n s f e r  
"poten t ia l"  and t e m p e r a t u r e :  

cU = 4 a T  4 -  g o ,  (5) 
(~ 

thanks  to which the d i f fus ion a p p r o x i m a t i o n  r e m a i n e d  
v iab le ,  de sp i t e  a l l  of i t s  s h o r t c o m i n g s .  I t  is  r e c o m -  
m e n d e d  in [20,211 that  Eq.  (2) or  (3) with e x a c t  con-  
d i t ion at  the  bounda ry  s e r v e  as  the b a s i s .  Here  the  
t e m p e r a t u r e  f ie ld ,  without  which the app l i ca t i on  of (2) 
or  (3) is  i m p o s s i b l e ,  is  d e t e r m i n e d  f r o m  (1) and (5). 
As a r e s u l t  we see  that :  a) without  the  d i f fus ion a p -  
p r o x i m a t i o n  the  so lu t ion  of (2) and (3) is  p o s s i b l e  only 
th rough  the t r i a l - a n d - e r r o r  me thod  o r  by  r e s o r t i n g  to 
an i n t e g r a l  equat ion and,  thus ,  (2) o r  (3) cannot  be the 
equ iva len t  of an i n t e g r a l  equat ion;  b) fo r  the  ac tua l  
u t i l i z a t i on  in [20, 21] of the di f fus ion a p p r o x i m a t i o n ,  
e v e r y t h i n g  is add i t i ona l ly  r e d u c e d  to the s e l e c t i o n  of 
the bounda ry  cond i t ions .  We r e t u r n  to the i nadequac i e s  
of the bounda ry  condi t ions  in the l ight  of the  v a r i a b l e  
n u m b e r  m.  
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Here  the function m(7, T 0) is studied in a p p r o x i m a -  
t ion of a plane l aye r  in o rde r  to develop additional 
r ecommenda t ions .  The f i r s t  method for  the analyt ical  
study of the function m(T) involves r ep l acemen t  of the 
boundary  su r faces  by an equivalent  radia t ing medium 
which subsequent ly  extends through the interval  [ - ~ ,  
oo]. If the function Bet(T) in this in terval  has a suff icient  
number  of der iva t ives ,  it is poss ib le  to expand it in 
F o u r i e r  s e r i e s  with r e spe c t  to the point ~ and addi -  
t ional ly  to p re sen t  in power  s e r i e s  

B+ (,') = a + h (u) + h (u), 

B_ (T') = a -t- f~ (u) - -  h (u), 

where  ft(u) and fz(u) a re ,  respec t ive ly ,  the even and 
odd power functions cor respond ing  to the cosine and 
sine s e r i e s .  Bear ing  in mind that  

~o t 

f B , ( ~ - - T  I+ (T, ~) = § ('c) exp 
tx 

-f 

we obtain 

c P  n = 2 ~  j' 
0 

d T'  

x--  z' d "c' 

1 

(I+ %- I_) ~ d bt, 

1 

cU=2~ S (l+ + I-)dl*, 
0 

[,i f~(u)E2(u)du] -1" 
0 

INZHENE RNO-FIZICHE SKII ZHURNAL 

Join t  solution of (1), (3) and (6), (7) yields 

m(-c, % ) =  { E~(~)--q~Ex(%--'O + S B,(~') x 
0 

"go 

d S B ,  ('c') • • exp [-- (T - -  "c')] z - - T '  

x exp[--(~ ' - -~)]  r'dC-}--T { Ez(T)-q~E3(%-T)+ 

+ S B,(.d)E~(.r--T')d'c'-- 
0 

- -  f B ,  (x') E2 (x' - -  x) d T' 9 

The p resence  in the n u m e r a t o r  of the function El(u) 
fo r  which, as u ~ 0, El(u) --* r r e su l t s  in s ingu la r -  
i t ies in the function m(r ,  r0). These  a r i s e  at  the points 
with t empe ra tu r e  discont inui t ies  as ,  for  example,  at  
the boundar ies  in the ease  of a medium of low the rmal  
conduct ivi ty  o r  at points with discont inui t ies  in the 
function B . .  These  s ingular i t ies  a re  local ized by smal l  
values  of u, s ince only fo r  smal l  u does El(u) a s sume  
la rge  values .  When B,  = const  

E~ (z) (1 - -  B.) 4- Z 1 ('co - -  T) (B, - -  q~) 
m (T, "co) = 

E3 (T) (1 - -  B , )  + E a (t o - -  "c) (B,  - -  q~) 

Here ,  fo r  the middle of the l ayer  

m = ) fe(u) exp(-- u) dUu 

0 

As we can see,  the number  m is de te rmined  exclu-  
s ively  by the odd por t ion of the function Bet(U). As -  

suming ~2 (u) = E bku2k+ 1 , we have 
k = 0  

(21e)tbk(~.a ( 2 } 4 -  l),bk~ -'I where m = / . 
k = 0  k = 0  

If the function f2(u) is l inear ,  then m = 3. Genera l ly ,  
however ,  the eoeffieients b k a re  not eas i ly  d e t e r -  
mined.  Moreove r ,  the function Bet(U) is not a lways 
smooth,  pa r t i cu la r ly  nea r  the su r f aces .  The second 
method of invest igat ion is the re fo re  m o r e  convenient ,  
involving the d i rec t  cons idera t ion  of the boundary  
eondit ions.  

The potentials  of t r a n s f e r  in (1) and (3) have the 
fo rm:  

c U  = 2 q e f t E  2 (r)  -I- 2 q e f e E z  ('co - -  "~) @ 

"go 
q- 2z S Bef('c')EalT'--'cld'c" (6) 

0 

cPn = 2qeflEa ('c) q- 2qef 2E4 ('co- T) .+- 

To 

-1- 2~ j' Bef('c')E~l'c'--'cld'c'. (7) 
0 

m -- E3 (%/2) 

and, as we can see,  fo r  the points m o s t  r emoved  f r o m  
the boundar ies ,  a change in m is possible  over  a wide 
interval  of values;  the number  m is independent here  
of B.  and q2. 

Fo r  the plane l aye r  when div q = 0 the function B.(r) 
is l inear ,  with an e r r o r  of 3% [30, 31]: 

B .  - -  q 2  
- -  a ,  - -  b ,  T ,  

1 - -  q~ 

1 - -  exp ( - -  %) + 2% - -  % E~ (%) 

2 [ 1 - -  exp (-- %) + T01 
J 

1 - -  E2 (to) 
1 - -  exp (-- %) § "co. 

Then 

m (T, %) = [ Ex (T) (1 - -  a,  + b, "c) 4- E1 (%-- x) x 

•  + b, [2 - -  exp (--  T) -- 

- - exp ( - -  ( % - - ' c ) ) ] }  { E3(,~)(I - - a ,  + b , '0  + 

+E3(To--'c)(a,--b,T)4- b, I2---E4(T)--  

- -  E~ ('co - -  "c) - -  �9 E3 ('c~ - -  ( to  - -  T) E3 (~o - -  ~) 

F o r  t h e  m i d d l e  o f  t h e  l a y e r  
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\ . 2 /  

] 2 [i-e.,(%)] • • l + % - - e x p ( - - % )  .-}--~- 

"gO --I 

Here the number m changes in the interval [~, 3] and 
unlike the case with B, = eonst on the segment [0, to] 
there are  no values less than 3. For  T 0 >> 1 and 
points not close to the boundary, m -- 3. For  T 0 << 1 
and T = ~0/2 we obtain the ear l ie r  relation (8). 
For  B, = const in the interval [ri, T2] , where r 2 > ~'1 

m(~, ~o)= 

A multipliciW of other cases  is examined analogously. 
As we can see, for the exact determination of the 

temperature  field we must  determine the function 
re(r, r 0) by the method, for example, of successive 
approximation; the boundary conditions can be de ter -  
mined exactly at the same time, as done, for example, 
in [20,21]. However, this procedure is more  complex 
than the direct  solution of the integral equation. There-  
fore,  it is recommended that we limit ourselves to an 
approximate study of the function m(r,  r 0) to provide a 
justification for diffusion approximation and for the 
selection of the number m with selection of the bound- 
ary conditions f rom [6,18,19]. 

NOTATION 

q is the radiant flow vector ,  in W/mS; m is the di-  
mensionless function (number) under investigation; 
k = a' + fl is the attenuation factor ,  in m- i ;  a and/3 
are  the absorption coefficients (reradiation) and dis= 
sipation; U is the radiant energy density, in j/m3; P 
is the tensor of ray density (second rank), in j/m3; 
Pll is its component determined by (4); I is the radiant 
flow intensity, in W/m s �9 s ter ;  I+ and I are the inten- 
sities in the positive and negative directions of the co-  
ordinate axis, respectively;  dc~ is the element of solid 
angle; 8 is the angle between the axis of coordinates 
and a ray;  T is the absolute temperature;  l is the coor-  
dinate with its origin near surface [, in m ; l 0 is the layer  
thickness, in m;  B+ and B_ are  identical to Bef for 
both sides f rom the point adjacent to coordinate ~-; 
qefl and qef2 are the densities of effective hemispher-  
ical flows at the boundaries of the layer,  in W/m2; b k 
is the coefficient of the odd power function f2(u), in 
W/m2; a ,  and b, are the dimensionless coefficients 
explained in the text; go is the specific power of 
sources independent of radiation, so that go = div q, 
W/m3; c = 3 �9 108 m/see;  cr = 5.68 �9 10 .8 W/m z �9 deg4; 

--- Icos 0/; u = Iv'  - zl; T = .i' k d / ;  T 0 = I kd/; q2 = 
l lo 

= qefs/qefi; B, = 7rBef/qefl; ~rBef = aT 4 - (fl/4c~k)go; 

En(T) = i t ' n  exp (--Tt)dt. 
1 
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